We investigate the independence number of two graphs constructed from a polarity of PG(2, q). For the first graph under consideration, the Erdős-Rényi graph ER q , we provide an improvement on the known lower bounds on its independence number. In the second part of the paper we consider the Erdős-Rényi hypergraph of triangles H q . We determine the exact magnitude of the independence number of H q , q even. This solves a problem posed by Mubayi and Williford in [15, Open Problem 3].
The Erdős-Rényi graph ER q is either the orthogonal or the pseudo polarity graph of PG(2, q), according as q is odd or even, respectively. It was introduced by Erdős and Rényi in [6] (and independently by Brown in [2] ) to solve a problem in extremal graph theory. Recall that if G is a graph, then ex(n, G) denotes the largest number of edges a graph on n vertices can have without containing G as a subgraph. Any graph on n vertices with ex(n, G) edges and which has no copy of G as a subgraph is called extremal. Of particular interest is the behavior of ex(n, C 4 ) where C 4 denotes the cycle of length 4. In [7] , Erdős, Rényi and Sós proved that ex(n, C 4 ) ∼ 1 2 n 3/2 using the graphs ER q for constructive lower bounds. Füredi later demonstrated in [8] and [9] that the graphs ER q are extremal when q is even or q > 13. The graph ER q has also been used to solve a similar problem for hypergraphs (see [13] ). These hypergraphs will be dealt with in the last section.
As pointed out by Mubayi and Williford in [15] , the question of determining the independence number of a polarity graph can be phrased as a simple question in finite geometry which seems interesting in itself:
Let ρ be a polarity of PG(n, q), what is the maximum number of mutually non-conjugate points of PG(n, q) with respect to ρ?
The next result summarizes lower and upper bounds on the size of the independence number of ER q studied in [12, 15] . α(ER q ) ≤ q 3/2 + √ q + 1 for all3/2 − q + √ q + 1 if q is an even square
if q is an odd square
if q is an odd non-square q 3/2 − q + √ q if q is an even square
if q is an even non-square
In this paper we provide an improvement on the lower bound:
+ q + 1 if q is an odd square and √ q ≡ −1 (mod 4) (Corollary 2.8) q 3/2 +3q 2 + 1 if q is an odd square and √ q ≡ 1 (mod 4) (Corollary 2.11)
if q is an even non-square (Corollary 2.15) In the last section we consider the Erdős-Rényi hypergraph of triangles H q . This hypergraph H q is the 3-graph whose vertex set is the set of non-absolute points of V (ER q ) and whose edge set is the set of triangles in ER q . It follows from the definition that α(H q ) is the order of the largest triangle-free induced subgraph of ER q which contains no absolute points. In [16] , Parsons constructs a triangle-free induced subgraph of ER q , q odd, which contains no absolute points and has either q(q + 1)/2 or q(q − 1)/2 vertices according as q ≡ −1 (mod 4) or q ≡ 1 (mod 4), respectively. We will show the existence of a triangle-free induced subgraph of ER q , q even, which contains no absolute points and has q(q + 1)/2 vertices. With this result we establish that the bound determined in [15, Theorem 8] is essentially tight.
On the independence number of ER q
In the following, the Desarguesian plane PG(2, q) is represented via homogeneous coordinates over the Galois field F q , i.e., represent the points of PG(2, q) by (x, y, z) , x, y, z ∈ F q and (x, y, z) = (0, 0, 0), and similarly lines by [a, b, c] , a, b, c ∈ F q and [a, b, c] = [0, 0, 0]. Incidence is given by ax + by + cz = 0. To avoid awkward notation the angle brackets will be dropped. The point U i is the point with 1 in the i-th position and 0 elsewhere. A quadric of PG(2, q) is the locus of zeros of a quadratic polynomial, say a 11 X 2 1 +a 22 X 2 2 +a 33 X 2 3 +a 12 X 1 X 2 +a 13 X 1 X 3 +a 23 X 2 X 3 . There exist four kinds of quadrics in PG(2, q), three of which are degenerate (splitting into lines, which could be in the plane PG(2, q 2 )) and one of which is non-degenerate [10] . In what follows we will use the term conic to refer to a non-degenerate quadric of PG(2, q). In PG(2, q), a line meets a conic in either 0, 1 or 2 points. A line is called either external, tangent or secant, according as it contains 0, 1 or 2 points of the conic. If q is even the tangent lines are concurrent at a point, called the nucleus of the conic. If q is odd, the set of absolute points of an orthogonal polarity of PG(2, q) forms a conic. Vice versa, when q is odd, a conic defines an orthogonal polarity. For further results on this topic, see [10] .
To construct independent sets, we will start by considering a suitable subgroup S of PGL(3, q) leaving the polarity invariant, i.e., if h ∈ S and P is a point of PG(2, q),
where ⊥ is the polarity under consideration. Then we will consider a certain point-orbit of this subgroup S, say O, and we will prove that O is a coclique. This method has the advantage that we only have to check that |P ⊥ ∩ O| = 0 for a single point P in the orbit O. For if Q were a point in O such that Q ⊥ ∩ O contains a point R, then we would have Q = P h for a certain h ∈ S, from which follows that R h −1 ∈ P ⊥ ∩ O. Therefore, |P ⊥ ∩ O| = |Q ⊥ ∩ O|.
q odd square
Let q be an even power of an odd prime. Let C be the conic of PG(2, q) having the following equation:
and let ⊥ denote the orthogonal polarity of PG(2, q) defined by C. The conic C consists of the following set of points:
, its polar line is the line having equation P ⊥ :
The points of the plane that are not on C are either external, which means that they lie on two tangents of C, or internal, lying on no tangent of C. The polar line of a point P is external, secant or tangent, according as P is internal, external or on C, respectively. We will denote by E the set of q(q + 1)/2 external points of C and by I the set of q(q − 1)/2 internal points of C. Let H be the stabilizer of C in PGL(3, q).
We shall find it helpful to work with the elements of PGL(3, q) as matrices in GL(3, q) and the points of PG(2, q) as column vectors, with matrices acting on the left. We recall the following well-known results, for which [10] is the standard reference. 
Remark 2.2. The stabilizer in PGL(3, q) of a conic of PG(2, q), q odd, has three orbits on the points of PG(2, q): the points of the conic, the external points and the internal points. Hence it acts transitively on the tangent lines, the secant lines and the external lines to the conic, respectively.
In the case when q is an even power of an odd prime, the current best lower bound for the independence number of ER q is due to Mubayi and Williford in [15] :
Here we give a proof for an improved lower bound: We will achieve this result by showing the existence of a set of points consisting of the q + 1 points of C and (q 3/2 − √ q)/2 or (q 3/2 +q)/2 internal points forming a coclique in ER q , according as √ q ≡ −1 (mod 4) or √ q ≡ 1 (mod 4), respectively. Since the set of absolute points is independent in ER q and an absolute point can never be adjacent to an internal point, we only need to find a set of internal points such that for every point in the set, its polar line is incident with none of the other internal points of the set. We will find such a set as an orbit of some subgroup of H.
Before proving this bound, we first state some useful results. The following result gives an easy criterion to determine whether a point is external or internal to the conic C : X 2 2 − X 1 X 3 = 0. Denote by q the subset of F q , q odd, consisting of its square elements and define √ q in a similar way.
Denote by B := PG(2, √ q) the standard Baer subplane of PG(2, q) and let c = C ∩ B be the restriction of the conic C to the Baer subplane B.
Remark 2. 5 . Since every element of F √ q is a square in F q , we have that every point in B \ c is external to C. [5, 14] . It is easily seen that the group G consists of the matrices
We need to determine the orbits of the group G on the points of PG(2, q) \ B.
Proposition 2. 6 . The group G has the following orbits on the points of PG(2, q) \ B:
• one orbit of size q − √ q, consisting of the points of C \ c,
• one orbit of size q 3/2 − √ q, consisting of the points of E \ B on the tangent lines to c,
Proof. Each point of PG(2, q) \ B lies on exactly one line having √ q + 1 points in common with
If P is a point of PG(2, q) \ B and ℓ P is the line containing P and having √ q + 1 points in common with B, then the stabilizer in G of P fixes ℓ P . Indeed, ℓ P can be restricted to a line of B, so under G, ℓ P has to map to a line with √ q + 1 points of B again. As there is only one such line through P , it follows that it has to be fixed whenever P is fixed. The point U 2 ∈ B is external with respect to the Baer conic c. The stabilizer in G of the line
An easy calculation shows that the stabilizer in D 1 of a point P ∈ ℓ 1 is a group of order 4, if P ∈ B \ C, or an involution if P / ∈ B. It follows that a D 1 -orbit of a point of (ℓ 1 ∩ B) \ C has size (
On the other hand, ℓ 1 \ B contains (q − 1)/2 points of I and ( √ q − 1) 2 /2 points of E. Taking into account Remark 2.2, we have that, under the action of the group G, there are (
orbits of size (q 3/2 − √ q)/2 consisting of points of I and ( √ q − 1)/2 orbits of size (q 3/2 − √ q)/2 consisting of points of E arising in this way, lying on a secant of B to c.
Let s be a non-square in F √ q . Let Q be the point having coordinates (−s, 0, 1). The point Q ∈ B is internal with respect to the Baer conic c. The stabilizer in G of the line Q ⊥ = ℓ 2 :
with a, b ∈ F √ q such that a 2 − sb 2 = ±1. An easy calculation shows that the stabilizer in D 2 of a point P ∈ ℓ 2 is a group of order 4, if P ∈ B \ C, or an involution if P / ∈ B. It follows that a D 2 -orbit of a point of (ℓ 2 ∩ B) \ C has size ( √ q + 1)/2, whereas a D 2 -orbit of a point of ℓ 2 \ B has size √ q + 1. On the other hand, ℓ 2 \ B contains (q − 1)/2 points of I, (
points of E and 2 points of C \ c. Taking into account Remark 2.2, we have that, under the action of the group G, there are ( √ q − 1)/2 orbits of size (q 3/2 − √ q)/2 consisting of points of I and ( √ q − 3)/2 orbits of size (q 3/2 − √ q)/2 consisting of points of E. Note that, since the two points of ℓ 2 ∩ (C \ c) are interchanged by the group D 2 , we have that, under the action of G, the points of the conic C are partitioned into two orbits: the √ q + 1 points in B and the remaining q − √ q points of C \ c.
In the same fashion, it is possible to prove that if R is a point of c, then the stabilizer in G of the line R ⊥ = ℓ 3 is a group D 3 of order q − √ q. The line ℓ 3 has √ q + 1 points in common with B and it is tangent to c at the point R. The stabilizer in D 3 of a point P ∈ ℓ 3 is a group of order Proof. Let ℓ be the line having equation X 2 = 0. Let w / ∈ q and consider the internal point P = (1, 0, w) ∈ ℓ. The polar line of P has equation P ⊥ : wX 1 + X 3 = 0. The line ℓ is secant to c and from the proof of Proposition 2.6, there are ( √ q + 1)/2 G-orbits consisting of points of I, each having √ q − 1 points of ℓ. We want to prove that each of these orbits has the required property. From Proposition 2.6, the orbit of P under the action of G has size (q 3/2 − √ q)/2. In particular
Now we have to distinguish whether c is zero or not. If c = 0, then w √ q is also a root of the equation c 2 X 2 + (a 2 + d 2 )X + b 2 = 0 and w √ q+1 = b 2 /c 2 ∈ √ q . By Lemma 2.4, it follows that w ∈ q , a contradiction. If c = 0, then, since a 2 +d 2 = 0, we would have w = −b 2 /(a 2 +d 2 ) ∈ F √ q , a contradiction.
Corollary 2.8. If q is an even power of an odd prime and
Proof. We repeat the construction as discussed before: take the union of the q +1 absolute points and an orbit of internal points as described in Theorem 2.7. If P is an absolute point, then P ⊥ contains only external points and P itself. Therefore, an absolute point is never adjacent to an internal or another absolute point. On the other hand, an internal point of this set is not adjacent to any other internal point, as shown in Theorem 2.7. Therefore, the set under consideration is indeed an independent set in ER q .
√ q ≡ 1 (mod 4)
Let K be the subgroup of H consisting of the matrices
with a, c ∈ F q and a √ q+1 = 1. Then |K| = q( √ q + 1). We need the following technical result.
Proof. Let i ∈ F q be the root of a non-square s in F √ q , hence i √ q = −i and i 2 = s. Since
, we have that a = a 1 + a 2 i, for some a 1 , a 2 ∈ F √ q . Hence, a √ q = a 1 − a 2 i and
Theorem 2. 10 . Let O be a K-orbit on internal points, then for every point P ∈ O, we have that |O ∩ P ⊥ | = 0.
Proof. Let ℓ be the line having equation X 2 = 0. Let w / ∈ q and consider the internal point P = (1, 0, w) ∈ ℓ. An easy calculation shows that the stabilizer of ℓ in K is a group K ℓ of order √ q + 1 obtained from K by putting c = 0. In particular, under the action of K ℓ , the (q − 1)/2 internal points of ℓ are permuted in √ q − 1 orbits of size ( √ q + 1)/2 each. It follows that, under the action of K, the set of q(q − 1)/2 internal points split into √ q − 1 orbits of size q( √ q + 1)/2 each. Without loss of generality, we only need to prove that |P K ∩ P ⊥ | = 0, where P K = {(a 2 + wc 2 , cw, w) | a, c ∈ F q , a √ q+1 = 1}. The polar line of P has equation
Assume, by way of contradiction, that |P K ∩ P ⊥ | = 0. Then there would exist a, c ∈ F q , with a √ q+1 = 1, such that
If c = 0, then w = −(a 2 + 1)/c 2 . By Lemma 2.9, it follows that −(a 2 + 1)/c 2 ∈ q . Hence w ∈ q a contradiction. If c = 0, we would have
which is impossible, since ( √ q + 1)/2 is odd.
Corollary 2.11. If q is an even power of an odd prime and
Proof. Similarly as in the proof of Corollary 2.8, we construct the independent set by taking the union of the q + 1 absolute points and a K-orbit of internal points.
q even non-square
If q is even, the set of absolute points of a pseudo polarity of PG(2, q) forms a line, say ℓ. Without loss of generality, we may assume that ℓ is the line having equation X 1 = 0. Let ⊥ denote the pseudo polarity of PG(2, q) such that for a point P = (x 1 , x 2 , x 3 ), its polar line is the line having equation P ⊥ : x 1 X 1 +x 3 X 2 +x 2 X 3 = 0. Let H be the subgroup of PGL(3, q) leaving the polarity ⊥ invariant (i.e., h ∈ H if and only if (R h ) ⊥ = (R ⊥ ) h ). We shall find it helpful to work with the elements of PGL(3, q) as matrices in GL(3, q) and the points of PG(2, q) as column vectors, with matrices acting on the left.
Lemma 2.12. [10, Lemma 8.3.6] H ∼ = PGL(2, q) and the isomorphism is given by
We introduce the following definition. In PG(2, q), a maximal arc A of degree n is a subset consisting of (n − 1)q + n points of the plane such that every line meets A in 0 or n points, for some n.
In the following, T r will denote the usual absolute trace function from F q to F 2 . Let α ∈ F q such that T r(α) = 1. Then the polynomial X 2 + X + α = 0 is irreducible over F q . Let λ ∈ F q and consider the conic given by C λ : X 2 2 + X 2 X 3 + αX 2 3 + λX 2 1 = 0. Then the set {C λ | λ ∈ F q } ∪ {ℓ} forms a pencil F giving rise to a partition of the points of the plane. Every conic C λ , λ = 0, in the pencil F has as nucleus the point C 0 = U 1 . The pencil F is stabilized by the following cyclic group of order q + 1; the orbits being the conics of the pencil,
In [4], R. H. F. Denniston proved that if
A is an additive subgroup of F q of order n, then the set of points of all C λ , for λ ∈ A, form a maximal arc of degree n in PG(2, q). On the other hand, from [1, Theorem 2.2], if a maximal arc in PG(2, q) is invariant under a linear collineation group of PG(2, q) which is cyclic and has order q + 1, then it is a Denniston maximal arc. In the case when q is even, the current best bound for the independence number of ER q is in [12, 15] . If q is an even power of 2, then
The upper bound in (2.1) comes from [12] , while the lower bound comes from [15] . In [15] , the authors show the existence of a maximal arc A of Denniston type of degree √ q of PG(2, q), such that the points of A correspond to a coclique of ER q . On the other hand, from [15] , if q is an odd power of 2, then
Here we give a proof for an improved lower bound:
In this case we will show the existence of a maximal arc A of Denniston type of degree q/2 of PG(2, q), such that the points of A correspond to a coclique of ER q . First, we prove the following lemma.
Lemma 2. 13 .
Proof. With the notation introduced above, the point Proof. From Lemma 2.13, there are q/2 − 1 possibilities for λ = 0 such that, for every point R ∈ P C λ , we have that |R ⊥ ∩P C λ | = 0. Let λ 1 , λ 2 be two distinct non-zero elements of F q such that T r(λ 1 ) = T r(λ 2 ) = 0. We consider the intersection P ⊥
if and only if b = 1/λ 1 λ 2 and a = x/λ 1 λ 2 , where x is a solution of
The equation in (2.4) has two or zero solutions according as T r(α + λ 2 1 λ 2 2 ) = 0 or 1 respectively. On the other hand, T r(α + λ 2 1 λ 2 2 ) = 1 if and only if T r(λ 2 1 λ 2 2 ) = 0 if and only if T r(λ 1 λ 2 ) = 0. Let q = 2 n , n odd. To conclude the proof we need to show the existence of a subset N ⊂ F q , with |N | = 2 (n−1)/2 , such that for every x 1 , x 2 ∈ N , we have that T r(x 1 x 2 ) = 0. In order to do that, we note that it is possible to identify the non-zero elements of F 2 n with PG(n − 1, 2) and, in this setting, the absolute trace function
defines a non-degenerate symmetric bilinear form f on F n 2 . Since n is odd, the form f gives rise to a pseudo polarity p of PG(n − 1, 2). This means that we have a hyperplane H of absolute points, i.e. points x ∈ PG(n − 1, 2) such that T r(x) = 0. When restricting the polarity p to this hyperplane H, we obtain a symplectic polarity p| H . Let M be a maximal subspace of H consisting of absolute points with respect to p| H and let N ′ be the set of elements of F n 2 corresponding to points of M . It is known that M is a projective subspace of dimension (n − 3)/2, from which follows that N := N ′ ∪ {0} is a subset of GF(2 n ) of size 2 (n−1)/2 having the required property.
Lastly, we note that A = λ 2 | λ ∈ N is an additive subgroup of F q . Therefore, the set of points of all C λ , with λ ∈ A, is indeed a maximal arc of Denniston type of degree |A| = q/2. Corollary 2. 15 . If q is an odd power of 2, then
Remark 2. 16 . The number of lines disjoint from the maximal arc A equals √ 2q(q − q/2 + 1), which is more than the number of disjoint lines of type P ⊥ , for some P ∈ A. Therefore, there are q/2(q + 1) points such that their polar line is disjoint from A and so each of them can be added to enlarge the coclique.
In [13] , the authors studied a hypergraph H q of girth 5 constructed from ER q . The hypergraph H q is the 3-graph whose vertex set is the set of non-absolute points of V (ER q ) and edge set is the set of triangles in ER q . These hypergraphs were used to determine the asymptotics of the Turán number T 3 (n, 8, 4). It follows that α(H q ) is the order of the largest triangle-free induced subgraph of ER q which contains no absolute points.
In [16] , Parsons constructs a triangle-free induced subgraph of ER q , q odd, which contains no absolute points and has either q(q + 1)/2 or q(q − 1)/2 vertices according as q ≡ −1 (mod 4) or q ≡ 1 (mod 4), respectively. See also [10, Theorem 8.3.4] . From [10, Theorem 8. 3.5] , the hypergraph H q contains q(q 2 − 1)/6 edges. The next result shows the existence of a triangle-free induced subgraph S of ER q , q even, which contains no absolute points and has q(q+1)/2 vertices. As a consequence we establish the asymptotic tightness of the following bound determined in [15, Theorem 8] :
Let q be even and let ⊥ denote the pseudo polarity of PG(2, q) described in Section 2.2. In order to construct S, with the notation introduced in Section 2.2, we consider the orbits of the cyclic group C of order q + 1 on lines of PG(2, q). Since the C-orbit of a point R not belonging to ℓ ∪ {U 1 } is a conic and C leaves the polarity ⊥ invariant, we have that the C-orbit of a line r not containing {U 1 } and distinct from ℓ is a dual conic. Each such a dual conic D left invariant by the group C, has as dual nucleus the line ℓ. This means that D consists of q + 1 lines such that every point of PG(2, q)\ℓ is contained in either 0 or 2 lines of D and every point of ℓ is contained in exactly one line of D. From Lemma 2.13, there are q/2 − 1 possibilities for λ = 0 such that, for every point R ∈ P C λ , we have that |R ⊥ ∩ P C λ | = 0. We want to prove that if T r(λ) = 0, with λ = 0, then the q(q + 1)/2 points of PG(2, q) \ ℓ covered by (P ⊥ λ ) C can be chosen as vertices of S. then P C λ = C λ 2 , where C λ 2 is the conic having equation X 2 2 + X 2 X 3 + αX 2 3 + λ 2 X 2 1 = 0. Let D be the dual conic P ⊥ λ C and let S be the set consisting of the q(q + 1)/2 points of PG(2, q) \ ℓ covered by P ⊥ λ C . Note that a point of PG(2, q) \ ℓ lies on two lines of D if and only if its polar line under the pseudo polarity is secant to C λ 2 . Let R = (1, y, x) ∈ PG(2, q) \ (ℓ ∪ {U 1 }), then R ⊥ : X 1 + xX 2 + yX 3 = 0. The line R ⊥ contains 2 points of C λ 2 if and only if the equation
has two solutions in F q , i.e., if and only if
Let x, y ∈ F q such that (3.2) is satisfied. Then the point R lies on two lines of D.
Case 1): y = 0
Let U = (1, µ, (µx + 1)/y), with µ ∈ F q , be a generic point of R ⊥ \ ℓ and let U ⊥ : X 1 + µx+1 y X 2 + µX 3 = 0. Then, again, the line U ⊥ contains 2 points of C λ 2 if and only if the equation
Since R ∈ C λ 2 , it follows that R ⊥ is not a line of D. Hence, R ⊥ contains q/2 points of S. It turns out that µ can be chosen in q/2 ways such that (3.3) is satisfied. A straightforward calculation shows that the lines R ⊥ and U ⊥ intersect in the point V = (1, µ + y, (1 + µx + xy)/y). The unique triangle of ER q containing the points R and U is the triangle having as vertices the points R, U, V . Moreover, the point V belongs to S if and only if the equation Case 2): y = 0
Let U ′ = (x, 1, µ), with µ ∈ F q , be a generic point of R ⊥ \ ℓ and let U ′⊥ : xX 1 + µX 2 + X 3 = 0. Then, again, the line U ′⊥ contains 2 points of C λ 2 if and only if the equation Proof. Taking into account Theorem 3.1 and the fact that ER q does not contain C 4 , it is enough to show that the graph S constructed above is regular. Let R be a point of PG(2, q) corresponding to a vertex of S, then a point R ′ distinct from R is adjacent with R if and only if R ′ ∈ (R ⊥ ∩r)\ℓ, where r is a line of D. Since D contains q + 1 lines and through ℓ ∩ R ⊥ there passes exactly one line of D, we have that there are exactly q/2 points in R ⊥ \ ℓ such that through each of them there pass two lines of D.
